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Synthesis of stabilising controller

Nonlinear dynamical system

Y: x=f(x,u), x(t)€XoeR"

Template for the control law

u = K(x, k)

Stabilisation around point vector X,

~

Synthesis using simplified model x ~ f(x,u) — k.

Certificates

@ Validate nominal control parameter vector k on actual model f(.,.)

@ Robustness margin for the control parameter vector
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Synthesis of stabilising controller

Closed-loop system

Ya(k) . x=f(x,K(x,k)) =fy(x,k), x(to) € Xo €R"

Specifications on k

Xop © a stable operating point. V- (Xop) : a given target set.

= V:(xop) is positive invariant set.
= V.- (xop) is finite time reachable, settling time ty < t; < 7

Vxg € Xo, Vt > 7, X(t,Xo, to, k) E VT(XOp)

A\

Set of stabilising controller parameter vectors

K, = {k | ¥xo € Xo, Vt > 7, x(t, X0, to, k) € V-(Xop)}
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Positive Invariance

Local asymptotic stability

Linearisation of X (k) at xop is asymptotically stable

= ¥ (k) is asymptotically stable.

Theorem (Berman & Plemmons, 1994)

Metzler matrix M is stable if 3d > 0, db > 0, Md < —b

LAS([k]). Local asymptotic stability for [k] = [k, K]
IM, = M(k, k) Metzler, s.t. Yk € [k], Vifo(Xop, k) < My

If Metzler matrix My is stable, then ¥ (k) is stable for all k € [k].
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Finite-time Reachability

Solution set at time 7

XT(k) = {X(T7 Xo, t07 k)u Xg € XO}

Finite-time reachability for parameter vector k

Xr (k) € V- (xop) = Vr(Xop) is finite time reachable by X (k)

FTReach([k]). Finite-time reachability for [k]

X, ([K]) € Vi(xop) = Vi (Xop) is FTReach by ¥ (k) Yk € [K]

FTUnReach([k]). Finite-time unreachability for [K]

X ([K]) N Vi (xop) = O =V, (xp) is FTUnReach by ¥ (k) Vk € [k]
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Stabilising controller

Feasible parameter box [K]
If LAS([K]) and FTReach([k]) = [k] C K.

UnFeasible parameter box [k]
If FTUnReach([k]) = [k] N K, = 0
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SM BnB algorithm

Algorithm 1: Control Synthesis

input : Xy, 7y, €, Kq
output: List = Inner approximation K

1 Running list of boxes £ + [Ko];
3 while £ # () do

4 pick first box [k] from the list;

5 if FTUnReach([k]) then

6 | discard box;

7 else if FTReach([k]) A LAS([k]) then
8 | store box [K] in list K;

9 else if width([k]) <e;

0 then

1 | discard box ;

2 else

3 | bisect [k] and store new boxes in £;
4 end if

5 end while
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© Reachability Computation
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Set integration

Ta(k): % =fu(x,k), x(to) € Xo€R", k € [K]

Interval Taylor methods (N.S.Nedialkov, R.Rihm, R.J.Lohner, ...

<t <...<7<..., hj=t1—t.

[xj41] = [x] + Z hfU (1)) + BEFL ([%])

y

Comparison theorems for differential inequalities

Use Miiller's theorem (Ramdani 2009) and build bracketing systems

{ X = fd(l, X, k7 E)
X - fc/(la X, k7 k)’ dim = 2”, X(t) < [l(t)’ i(t)]

N. Ramdani
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Dual set integration

ZC/(k) DX = fc/(X7 k), X(to) € Xp € Rn, k € [k]

(x1,%2) =%, (X10,X20) = Xo € Xp

x1 = fi(x1,%X2), X10 € [X10] (1)
X = fa(x1,%2), Xo0 € [X20] (2)

Assumption Al

It exists a bounding method that, when applied to the vector field f;, generates an
enclosure of bounded width for the reachable set of (1).

Assumption A2

The diagonal entries of Jacobian matrix of f, are strictly negative

O
D <0 3)

VjE{l,...,nz},
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Dual set integration

Zc/(k) DX = fC/(X, k), X(to) eXp € Rn, k € [k]

);(1 = fl()_(l,)_(z), 210 = Sup([xlo]) (4)
X; = fi(xq,%;5), X9 = Inf([x10]) (5)
x; € f([xi],x2), x20 € [x20] (6)
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Dual set integration

Theorem (Meslem & Ramdani, IMA MCI 34(1) 2017)

Consider (1)-(2) that fulfills A1 and A2. Assume for a given integration step-size
hj, it exists solutions 3y > 0, B> > 0, B3 >0

12 + hidoa(fi [x])]| < A (7)
hil[Ja1(f2; ;]I < B2 (8)
Rw(([x]) < Bsw(x]) (9)
Br+Be+p <1 (10)

where Jo = (Jo1, J22). Then, for integration step-size hj, one obtains
(i) w([x2,j+1]) < w([x;]), (the latter obtained using interval Taylor method),

(i) [xj41] = [Xqjy1, X2 j41]
is a tight solution set of x; = f1(x1,X2), X1j € [X1,j]
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Proof sketch

@ Second-order Taylor expansion + Mean value form

@ Linear mapping and width of intervals
@ Assumptions Al and A2.
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Dual set integration - lllustrative example

0 b
as —ay 1 0 0 0
X = 0 0 —as as 0 X + 0 u
0 0 —ar —as 0 0
0 0 0 0 —ag 0
—as  ap 0
X1 = —a7; —ag 0 X1
0 0 —dg
—al ar 0 0 O il
X2_[ag a}"”hoo Xl*[o]“
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Dual set integration - lllustrative example

@ Assumption Al is satisfied.
System (f1) is not monotone but associated Metzler matrix is stable.

—ads de 0
e=X—Xx = e = a; —ag 0 e;
0 0 —dg
@ Assumption A2 is satisfied.
2 3 15

-2 -1 ]
0 1 2 5 0 1 5 0 1 4 5
time (s) time (s) time (s)
15 15
1 1
05 x* 05
N
0 [} =
-0.5 -05
1 2 3 4 5 0 1 2 3 4 5
time (s) time (s)
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e Example
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Biological system

@ Drosophila circadian rhythms described by Goldbeter model
(Angeli & Sontag, 2008)

Nonlinear dynamical system

o VmX1
Xx1 = uU— ———

Ym + X1
. V1X2 V2X3
X2 = TsX1 —

TtEX2 2+ Xx3
. ViX2 V2X3 V3X3 Vg Xy
X3 = — —
MAEXe Y2tX3 BEX3 Yt X

. V3X3 Vg X, VdXa
X4 = — — r1X4 + r2X5 —_
) Y3+X3 Y4t Xg Yd + X4
X5 = r1X4 — I'2x5
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K, = {k | ¥xo € Xo, ¥Vt > 7, X(t, X0, to, k) € V;(xop)} J
Xo = [0.1,0.4] x [0.6, 2.4] x [0.85,3.4] x [0.25,1] x [0.5,2] |
7 =50s
V, (x0p) = [0.78,0.82] x [0.29,0.32] x [0.15,0.22] x [0.08,0.11] x [0.10,0.15] J
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Bracketing systems

k1 VmX1

ki 4+x2  Am+X1
V1X2 V2 X3
+

YsX1 — — —
oMt X Y2t X3 _

viXa | WX3  »3X3 VaXs (11)
1tX2 tXs B3+Xs Y+ Xa_

V3X3 Vg Xg VdXa

— — — — [1X4 + [2X5 —

Y3t X3 Y4t X Vd + X4
F1Y4 — F275

K1 _ VmX1
Ko +X2  Ym+ X

ViXo Vo X3
VsX1 —
T+ X2 Y2t X3

X, T Vexs T ViXs | Vs (12)
Y1+ Xo Yo + X3 Y3 + X3 Yo + X4

V3X3 VaXy VaXy

- —Tixy + Toxg — ———
TtHX3 YAt X - > gt X,

Mx4 —loxs

ing Controllers  SWIM 2018



Specifications may be satisfied, can bisect

[k] = [0.39, 0.402] x [0.98, 1.002]
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Specifications are not satisfied

[k] = [1, 1.002] x [2, 2.0

N. Ramdani
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Specifications are satisfied

[k] = [0.4, 0.401] x [1, 1.001]
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Parametric Stabilising Controller Synthesis

Xo = [0.1,0.4] x [0.6,2.4] x [0.85,3.4] x [0.25,1] x [0.5,2], T = 50s
V; (xop) = [0.78,0.82] x [0.29,0.32] x [0.15,0.22] x [0.08,0.11] x [0.10, 0.15]

K+ ¢

Inner solution set K

Ko = [0,4] x [0,4], €=0.001, u

‘
.
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@ Conclusion
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Concluding Remarks

@ A SM BnB + Reachability approach J

Further the method to address
o safety and reach-avoid specifications

@ presence of disturbances (system, measurement ...)
@ hybrid systems
@ periodic x-triggered control
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Table: Parameter values

Parameter | Value || Parameter | Value
M 1.3 M 1.9
%1 3.2 Vo 1.58
V3 5 Va4 2.5
q1 - Tm 0.5
Vs 0.38 Vg 0.95
Yd 0.2 n 4
M 2 Y2 2
73 2 z 2
Q> -- Vi 0.65
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