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Structural dynamics

Longitudinal controlled motions of a thin rectilinear elastic rod

Parameters of the rod:
s(t,x) — normal forces,

p(t,z) — momentum density,

th w(t, z) — displacements,

k(z) — tension stiffness,

Initial-boundary value problem:

p(t, ) = p(x)w(t, z)

pe(t, z) = s, (t,x) + f(t,x),

w(0, ) = wp(z)

' p(x) — linear density.

1)
(2)
and (0, 7) = po(x), 3)
(4))

and  s(t,x) = k(z)wy(t, z),
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Optimization in dynamics

Weighted minimization of the mean and terminal energies of the rod

Control parameters:

W (t) — mechanical energy,
% m J1 — mean energy,

Ja — terminal energy,

' ' ' X, T — terminal time instant.

Optimal control problem over a fixed time horizon:

J[w7p7 S, u87 Uﬂ = minua,uleLz(O,T) J[w7p7 S, UQ, u1]7 J = ’71J1 + ’YQJQ’

1 [T et
Jy = T/ Wt)ydt, Jo=W(T), W= 5/ (kw2 + p~'p?) da
0 20

subject to the PDE constraints (1)—(4).

v
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Variational principle in mechanics of elastic structures

Constitutive functions and new variables

Scaled functions of constitutive relations:

g:=+pw—/p~lp and h:=+rkw, —Vrls =
g(t,z) =0 and h(t,x)=0.

Change of the unknown variables:

w(t, z) = q(t, ) + wo(x) + uo(t) — uo(0), uo(0) = wo(0)

p(t,x) = ra(t, ) + po(z /fT:v
s(t,x) = re(t, o) + up(t

q(t, ) — relative displacements
r(t,x) — dynamic potential.
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Variational principle in mechanics of elastic structures

Variational statement of the direct dynamic problem

Minimization of constitutive functional:

J3 [q*a 7’*, uo, Ul] - minq,reHl(Q) J3 [(L r,up, Ul] - 07
1 g®> h?
= — t,x)dQ = ith =4 —
J3 T/Qw(w) 0 with =75+,

subject to the homogeneous constraints

q(0,z) =0 and r(0,z) =0,
q(t,2°) =0 and r(t,z')=0.

©(t, ) — local error distribution

Q= (0,T) x (2°,2') — time-space domain
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Finite element method

Regular triangulation of the space-time domain 2

1,, Piecewise polynomial splines:

A"ll.[]
(kl
AN = > qmn)th L (6 2) € A,
— k+HI<K
i El) k1
AWA Lo r= Z rfnmt N R —
| il k+HI<K
A Finite dimensional representation:
8
B T 0
q(t,x) =z q(t,z) € Cy(£2),
Ago At Ay, t —— Aoy T 0
. . r(t,z) =z r(t,z) € Cy(Q),
T o izt N 9
ti= . zi=a’+ o0 zeRNs, N, =4MNK?>
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Finite element method

Regularization of the optimal control problem

Isoperimetric tolerance condition:

J3]z, up, u1] = € K Ja[z, uo, u1] < J1[z, ug, u1).

Equivalent optimal control problem:
j[z*, U, uy] = MiNy 4 e15(0,7) j[i(ug, u1), up, Ui,
J =1 + 7202 + 733,

z(uo, u1)] = argmin Js [z, ug, u1] > 0.
z

Approximation error:

A = Jg[z*,uB,u’{]Jl_l[z*,uS,uﬂ, z" = z(uj, uy)
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Numerical algorithm of control optimization

Optimal approximation under finite-dimensional control functions

Control discretization:

K p— . .
u; = Zk:l vj(k)tk ! where j = (1 —i)KN + (n — 1)K +F,
for t € (tn,tp+1) with t,, =nT/N andn=1,...,N.

u=[v; ... vs]T is the control vector with J = 2K N.

Constitutive functional:

1 .
Js(z,u) = oy Fy +fly + f — min,

F F f z
where F = ;z - , f= ? .y = =
F., Fu f, u

z=-F ! (F,u+f.).

v

Georgy Kostin (IPM RAS) Optimal control problem for an elastic rod 26.07.2018 9/16



Numerical algorithm of control optimization

Finding the optimal control parameters

Cost functional:

J(u) = J (z(u),u) = %U_TVU-FVTU +v— m&n

Optimal control parameters:

u* = -—V-iv.

Optimized control law:
z* = z(u"), uf = u;(t,z*, u*),
w* = w(t, z,z*,u*), p* = p(t,z,z*,u*), s* = (t,z,2z*, u*).
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Optimal control for the uniform rod

Explicit symbolical solution of the optimization problem

Structural and control parameters:

Structure characteristics: p =k =a' =1, 20 =0, f(t,z) = 0.
Control characteristics: 7' > 2, v1 # 0.
Control inputs: ug(t) =0, u1(t) = u(t).

Optimal control law:

v [ u*(t) for te€]0,2]
i) = { for t > 2

ro(t —1) —w((t — 1) for t €0,1]

ro(t—1) +wj(t —1) for te (1,2]

Here, ro(t) = — | po(7)dr.
t
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Optimal control for the uniform rod

Displacement and control functions

0.2

0.1

1 t

2

Optimal input (force).

Optimal displacements.
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Optimal control for a nonuniform rod

Example of parametric optimization

Structural and control parameters:
Rod characteristics: p = ' =1, 2° =0, f(t,z) =0,
i) = 2.25 for < 0.5
| 0.5625 for x> 0.5
Initial conditions: po(z) = 0, wo(z) = sin(wzx).

Control characteristics: T =3, v; = ’}/2 =1, y3 = 106.

Control inputs: ug(t) =0, uq(t)

Mesh sizes: N =9 in time and M = 2 in space.
Polynomial degree: K = 5.
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Optimal control for a nonuniform rod

Displacement and control functions
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Optimal input (force).
Optimal displacements.
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Optimal control for a nonuniform rod

Quality estimates for the results of numerical optimization

Error distribution

Conventional optimization:
Weights: 71 =72 =1, 73 =0
Mean energy: J; = 0.255
Terminal energy: J, =5.9-1076
Error energy: J3 = 8.58 - 107°
Relative error: A =7.2-1074

Regularized optimization:

Weights: 71 =2 =1, y3 = 106
Mean energy: J; = 0.287.
Terminal energy: Jo = 2.19-107°
Error energy: J3 = 4.88-1077
Relative error: A =1.7-107°

= BHh€hg

v
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Conclusions

@ A control strategy for energy optimization in structural dynamics has
been proposed.

@ Motions of a nonuniform elastic rod are considered as an example.

@ The optimization algorithm is based on the method of
integro-differential relations, which combines a variational formulation
of dynamic problems with the finite element method.

@ The verification of optimal control laws has been performed taking
into account the explicit local and integral error estimates.
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