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Motivation

 Geometrical constrains provide rigorous and reliable 

computing 

Smallest guaranteed bounding zones

Fault detection and exclusion

Minimum detectable bias 

 Inconsistency measures    
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Least Squares Adjustment

 𝜌 = ( 𝑥𝑠𝑣 − 𝑥𝑢)
2+( 𝑦𝑠𝑣 − 𝑦𝑢)

2+( 𝑧𝑠𝑣 − 𝑧𝑢)
2+ 𝛿𝑡 + 𝑤 = 𝑓(𝑥)



𝜌1= (𝑥𝑠𝑣1−𝑥𝑢)2+(𝑦𝑠𝑣1−𝑦𝑢)2+(𝑧𝑠𝑣1−𝑧𝑢)2+𝛿𝑡

𝜌2= (𝑥𝑠𝑣2−𝑥𝑢)
2+(𝑦𝑠𝑣2−𝑦𝑢)

2+(𝑧𝑠𝑣2−𝑧𝑢)
2+𝛿𝑡

𝜌3= (𝑥𝑠𝑣3−𝑥𝑢)2+(𝑦𝑠𝑣3−𝑦𝑢)2+(𝑧𝑠𝑣3−𝑧𝑢)2+𝛿𝑡

𝜌4= (𝑥𝑠𝑣4−𝑥𝑢)2+(𝑦𝑠𝑣4−𝑦𝑢)2+(𝑧𝑠𝑣4−𝑧𝑢)2+𝛿𝑡

 𝒅𝝆 = 𝑂𝑀𝐶 = 𝑓 𝒙𝟎 − 𝝆 = ෝ𝝆 − 𝝆

 𝒅ෝ𝒙 = (𝑨𝑻𝑷𝑨)−𝟏𝑨𝑻𝑷 ∙ 𝒅𝝆

 𝑤ℎ𝑒𝑟𝑒 𝑨 =
𝜕𝑓

𝜕𝑥
|𝒙𝟎

 ෝ𝒙 = 𝒙𝟎 + 𝒅ෝ𝒙
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Primal-Dual Polytope 

 Hyperplane is a set of the form 𝑥 | 𝑎𝑥 = 𝑏

 𝐻 − 𝑃𝑜𝑙𝑦𝑡𝑜𝑝𝑒 = 𝒙 𝒂𝒊𝒙 ≤ 𝑏𝑖 , 𝑖 = 1,… , 𝑛, 𝒄𝒊𝒙 = 𝑑𝑖 , 𝑖 = 1,… , 𝑝}

 𝑉 − 𝑃𝑜𝑙𝑦𝑡𝑜𝑝𝑒 = conv(X)= {σ𝑖=1
𝑛 λ𝑖𝒙𝑖|λ𝑖 ≥ 0, σ𝑖=1

𝑛 λ𝑖 = 1}

 𝒅𝝆 = [𝒅𝝆 − ∆, 𝒅𝝆 + ∆]
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Slab

Direction of Measurement

𝐴𝑑 ො𝑥 ≤ 𝑑𝜌 + ∆−𝐴𝑑ො𝑥 ≤ −𝑑𝜌 + ∆
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Primal-Dual Polytope 

 𝒅𝝆 − ∆ ≤ 𝑨𝒅ෝ𝒙 ≤ 𝒅𝝆 + ∆

 ቊ
𝑨𝒅ෝ𝒙 ≤ 𝒅𝝆 + ∆

−𝑨𝒅ෝ𝒙 ≤ −𝒅𝝆 + ∆
↔ 𝑩𝒅ෝ𝒙 ≤ 𝒃

 𝑤ℎ𝑒𝑟𝑒, 𝑩 = 𝑨
−𝑨

, 𝒃 = 𝒅𝝆+ ∆
−𝒅𝝆+ ∆
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H-Polytope

V-Polytope
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Derivation of Observation Interval Error Bounds

 Three different ways to set the error bounds

 Probabilistic approach with prior integrity risk

 Sensitivity analysis of the measurement correction 

 Expert knowledge 

 Error bounds and navigation geometry define the volume and the 

shape of the bounding zone i.e. the polytope
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Impact of Geometry
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Impact of Random Noise 
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# Edges
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Real Data: Error Indicating Polytope 
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∆ = 6𝑚
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Point Positioning Error Analysis
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Bad Geometry       high error in PDP Bias        Empty set from PDP
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Point Positioning Error Analysis
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Impact of Biased Measurement
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No Bias Detectable Bias Non-Detectable Bias

Tx1 Tx2 Tx1 Tx2 Tx2

Tx3 Tx3Tx3

Tx1
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Impact of Biased Measurements
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Minimum Detectable Bias
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𝑀𝐷𝐵𝒵𝑖 = 𝑤ℎ𝑙𝒵 + ∆𝑖

𝑀𝐷𝐵𝒫𝑖 = 𝑤ℎ𝑙𝒫 + ∆𝑖
𝑀𝐷𝐵𝑇𝑆,𝑖 =

𝜆0

𝑐𝑖
𝑇𝑄𝑦

−1(𝐼𝑚 − 𝑃𝐴)𝑐𝑖

2 ∙ 𝑤ℎ𝑙𝒫2 ∙ 𝑤ℎ𝑙𝒵
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Minimum Detectable Bias
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Minimum Detectable Bias
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No solution from Test Statistics No solution from Polytope
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Inconsistency measures 
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𝑉𝑜𝑙𝑟 =
𝑉𝑜𝑙𝒵 − 𝑉𝑜𝑙𝒫

𝑉𝑜𝑙𝒵
≤ 𝑇𝑟

Real Data Simulated Data AWGN(3m,0)
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Inconsistency measures 
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Simulated Data with Different AWGN Simulated Data with Same AWGN 
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Inconsistency measures 
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Conclusions

 PDP shows higher precision and accuracy than LSA

 PDP is more sensitive to the positioning geometry than LSA 

 New methods to derive MDB with better performance than traditional 

hypothesis test statistics 

 Shape and volume of the polytope are strictly related to the geometry 

and noise distribution 

 PDP gives empty sets in the presence of detectable bias

 PDP provides a inconsistency check bounding zone
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